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3.1 Let k be a field.

(a) Let B = k|x] be a cyclic k-algebra. Then every k-subalgebra A of B is a finite type
k-algebra. (Hint: If f€ A, f=Y", aix', am #0,m > 1, then B = Z:";Ol k[f]x' is finite over
K[f1€A)

(b) Let B = k[IN?] be the monoid algebra over k of the additive monoid IN? and let X :=
e(1,0), Y :=e(o,1)- Then B = k[X,Y], and the monomials Xy = eij), (i,J) € IN?, form a
k-basis of B. Let A be the k-subalgebra of B generated by the monomials X" *'Y”, n € IN.
Then A is not a noetherian ring, much less than a finite type k-algebra. (Hint : Note that B is
the polynomial algebra in two indeterminates X,Y over k and X" 1Y does not belong to the ideal (in
A) generated by X ..., X"Y"~!, for every n € IN.)

(¢) (Ring of integer-valued polynomials) The set
Int(Z) :={f € QIX]| f(Z) € Z} < Q[X]

of integer-valued polynomials is obviously a subring of the polynomial ring Q[X] — called
the ring of integer-valued polynomialsE-IFor each prime number p and each
k € T, the subset 7

M, :={f €Int(Z) | vp(f(k)) > 1} CInt(Z).

is a maximal ideal in Int(7Z) with residue field isomorphic to the prime field IF,,. (Remarks :
One can prove that the maximal spectrum Spm Int (Z) = {smﬂ | p € P and k € F, }. Moreover, one

can even describe the prime spectrum Spec Int (Z) explicitly. Further, none of the non-zero prime
ideals in Int(Z) are finitely generated. )

*3.2 Let A be aring and let a be a non-zero ideal in A.

(a) If A is a noetherian ring, then every surjective ring endomorphism of A is an automor-
phism.

(b) If A is a noetherian ring, then A and A/a are not isomorphic rings.

(¢) If A is a finite type commutative algebra over the ring R, then every surjective R-algebra
endomorphism ¢ of A is an automorphism. (Hint: Suppose that ¢(x) =0 and x1,...,x, iaa
R-algebra generating system for A. The construct a finitely generated Z-subalgebra R’ of R such that
R'[x1,...,%y) contain x as well as @ is a surjective endomorphism R'[xy, ..., Xm]. — Note that the

assertion does not hold for arbitrary commutative algebra. Examples!)

! The interest for the ring structure of IntZ arose only in the last quarter of the 20th century, but it was
at least well known at the time of Polya that every integer-valued polynomial f of degree n can be uniquely
written as a Z-linear combination: f(X) = Y/_,cxBk(X) and the coefficients c; are recursively given by the

formula: ¢, = f(k) — L* 4 ¢;Bi(k). This evokes the Gregory-Newton formula which dates back to the 17th
century: f(X) = Y7, (A*f) (0)Bx(X).
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(d) If A is a finite type commutative algebra over the ring R, then A and A/a are not
isomorphic as R-algebras.

3.3 Let (p;);cpv be a sequence of prime ideals with p; Z p; forall i, j € IN with i < j and put
a == Ni<pPi, n € IN. then (a,),.y form a strict descending chain of ideals in A. Deduce
that if A is artinian, then Spec A = Spm A is a finite set, (nil-radical of A) nilA = my (the
Jacobson-radical of A) and that A/my is a finite product of fields. (Hint: If ay,...,a, are
ideals in the ring A and if p is a prime ideal in A with N}_; a; C p, then a; C p for some i € {1,...,n}.

=

In particular, if p = N"_, a;, then p = q; for some i € {1,...,n}.)
3.4 Let A be a commutative ring and let V be a finite A-module.

(a) Every surjective endomorphism f: V — V is bijective.

(b) Let U be a submodule # 0 of V. If V noetherian or if V finite, then V and V /U are not
isomorphic as A-modules. (Hint : If they are isomorphic the give a surjective A-endomorphism of
V with kernel U.)

(¢) Let W an arbitrary A-module. If V =2V & W (as A-modules) then W = 0. (Hint: Use
the part (a).)

3.5 Let K be a field, I := INU {0}, V := K and ¢;, i € I, be the standard basis of V
and V,, :=Y" ( Ke; forn € N, Vo, := Y ;v Ke;. The set of K-endomorphisms f of V with
f(V,) CV, for all n € IN is a K-subalgebra A of Endgx V. With respect to the natural
A-module structure on V, besides 0 and V, V,,, n € IN, and V.. are the only A-submodules of
V. The A-module V(= Ae.) is cyclic and artinian, but not noetherian.

3.6 Let A be a commutative ring.

(a) Let V be a finite A-module and W a noetherian (resp. artinian) A-module. Then
Hom 4 (V,W) is also noetherian (resp. artinian).

(b) Let V be an A-module which is noetherian (resp. finite and artinian). Then End4V is a
noetherian (resp. finite and artinian) A-module. In particular, every A-subalgebra of EndsV
is noetherian (resp. finite artinian).

*3.7 (a) Every artinian module is a direct sum of finitely many indecomposable modules.

(b) Every noetherian module is a direct sum of finitely many indecomposable modules.
(Hint : Suppose not, then V is not decomposable and V = V| & V, with V, not indecomposable. With
this construct an infinite strict decreasing sequence Vp 2 V; 2 -+ of direct summands in the module
V and hence also construct an infinite strict increasing sequence of direct summands.)

3.8 Let A be aring and let V be an A-module. Suppose that V =V & --- @V, is a direct
sum of submodules V1, ...,V, such that the endomorphism rings End V; of V;, 1 <i < n,
are local rings. If V=W, &--- W, is also a direct sum of the indecomposable submodules
Wi,..., Wy, then m = n and there exists a permutation o € G,, with V; = Wo(i)- (Hint: Proof
by induction on n. Let Py, ..., P, (resp. Oy, ...QOx) be the families of projections corresponding to the
decompositions V =V ®---®V, (tesp. V=W & --- & Wy). For j € {1,...,m}, let P := P|W;
be the restriction of Py into the image V; and Q1 := Q i|V1 be the restriction of Q; into the image
W;. Then idy, = Z;":] Py jQj1. Since End 4 V; is local, there exists € {1,...,m} such that P;,Q,
is an isomorphism. Now, it follows from the following easy ExerciseEI that @, : V| — W, is an
isomorphism.)

2 Exercise: Let f:V — W and g : W — X be homomorphisms of modules over a ring. If the composition
g/ is an isomorphism, then f is injective, g is surjective and W =2 Img f ® Kerg, w— (f(v),w — f(v)), where
v=(gf)"'(g(w)). Note that w — f(v) € Kerg.

D. P. Patil/IISc 2020MA-MA312-ca-ex03.tex July 5, 2020 ; 6:21 p.m. 2@



Exercise Set 3 MA 312 Commutative Algebra / Jan—April 2020 Page 3

3.9 Let A be aring and V be an indecomposable A-module which is artinian as well as
noetherian. Then End 4 V is a local ring whose Jacobson-radical is a nil-ideal. (Hint: Let
f € Endy V. There exists a m € IN with Ker /* = Ker f and Imgf" = Imgf"™ for all n > m. Then
V =Ker f" ®Imgf™ and it follows that f is nilpotent or bijective.)

R3.10 (Theorem of Krull-Schmidt)Let A be aring and V be an A-module which
is artinian as well as noetherian. Then V is a direct sum of indecomposable submodules
Vie..o,Vpo. £V =W & - - - & W, is another direct sum decomposition of V into indecom-
posable submodules, then m = n, and there exists a permutation 6 € &, with V; = Wg;).
(Remark : The uniqueness assertion in the Structure Theorem for Finitely Generated Abelian Groups
follows immediately from the Theorem of Krull-Schmidt.)
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