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5. Linear Maps

Submit a solution of the ∗-Exercise ONLY. Due Date : Wednesday, 07-09-2016 (Before the Class)

Let K be arbitrary field and let K denote either the field R or the field C.

5.1 ( P o i n t e r r e p r e s e n t a t i o n ) Let ω ∈ R×+ and W be the R-vector space of the
functions asin(ω t +ϕ) , a,ϕ ∈R, with basis sinω t, cosω t,(see Exercise 4.1). Then the map

γ :asin(ω t +ϕ) 7−→ aeiϕ , a≥ 0 ,

is a R-vector space isomorphism of W onto C. ( Remark : This isomorphism is called the p o i n t e r
r e p r e s e n t a t i o n of the simple harmonic motion with the circular frequency ω . The differentiation in
W correspond to the multiplication by iω to the pointer representation, i.e. γ(ẋ) = iω γ(x) for x ∈W . In the
representation aeiϕ of asin(ω t +ϕ) , a≥ 0, a = |aeiϕ | is called the (m a x i m a l) a m p l i t u d e and eiϕ

is called the p h a s e f a c t o r. )

∗5.2 Let I ⊆R be an interval with more than one point and let a ∈ I. For n ∈N∗, let

Ta,n :Cn−1
K (I)→K[t]n

be the map which maps every function f ∈ Cn−1
K (I) to its Taylor-polynomial of degree < n of f at

a, i. e.,

f 7→ Ta,n( f ) =
n−1

∑
k=0

f (k)(a)
k!

(t−a)k .

Show that Ta,n is K-linear. Determine the kernel and the image of this map Ta,n. ( Remark : See also
Exercise 3.5 and Supplement S5.15. )

5.3 Let V be a K-vector space with DimK V ≥ 2 (i. e. V contain at least two linearly independent
vectors). Then every additive map f : V → V with f (Kx) ⊆ Kx for all x ∈ V is a homothecy
ϑa : V →V , x 7→ ax, of V by a scalar a ∈ K.

5.4 Let f1 :V → V1 and f2 :V → V2 be homomorphisms of K-vector spaces. The K-linear map
f :V →V1×V2 defined by f (x) =

(
f1(x) , f2(x)

)
is an isomorphism if and only if f1 surjective and

the restriction f2 |Ker f1 : Ker f1→V2 is bijective.
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†5.5 ( C h a r a c t e r s ) Let M and N be two monoids with neutral elements eM and eN , respectively.
A map ϕ :M→ N is called a ( m o n o i d - ) h o m o m o r p h i s m if ϕ(xy) = ϕ(x)ϕ(y) for all
x,y ∈M and ϕ(eM) = eN .

Let M be a monoid and let K be a field. By a c h a r a c t e r o f M i n K we mean a homomorphism
of M in the multiplicative group (K×, ·) of K. The map M→ K×, x 7→ 1K is a character of M in K,
called the t r i v i a l c h a r a c t e r. If a ∈ K×, then the c o n j u g a t i o n b y a κa : K→ K×,
b 7→ aba−1 is a character of the multiplicative monoid of K with values in K.
( L e m m a o f D e d e k i n d - A r t i n1) Let M be a monoid and et K be a field. Then the
set χ(M,K) of characters of M in K is linearly independent (in the K-vector space KM of all
K-valued functions on M) over K. (Hint : Suppose that a1χ1 + · · ·+ anχn = 0 with a1, . . . ,an ∈ K×,
pairwise distinct χ1, . . . ,χn ∈ χ(M,K) is a linear dependence relation with minimal n ∈N. Note that n≥ 2,
since every character χ 6= 0. Let x ∈M be fixed and y ∈M be arbitrary. Then 0 = (a1χ1 + · · ·+anχn)(xy) =
a1χ1(xy)+ · · ·+anχn(xy) = a1χ1(x)χ1(y)+ · · ·+arχn(x)χr(y) and hence a1χ1(x)χ1 + · · ·+anχn(x)χn = 0.
Now, conclude that χ1 = · · ·= χn a contradiction to n≥ 2.)

1This assertion is used frequently (especially in Galois Theory).
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