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8. Quotient spaces

Submit a solution of the x-Exercise ONLY. Due Date : Monday, 03-10-2016 (Before the Class)

In the following Exercises K denote a field and V denote a K-vector space.

8.1 Let n € IN. A subspace U of the vector space V has the codimension 7 if and only if there exist
n linearly independent forms fi,..., f, on V with U =", Kerf;.

8.2 Let Uy,...,U, be finite-codimensional subspaces of V and U := [\, U; be their intersection.
Further, let U/ := N.Uj,i=1,...,n.

(a) Show that U is finite-codimensional with Codimg (U,V) < Y" , Codimg (U;,V).

(b) The following statements are equivalent :

(1) The inequality in part (a) is equality.

(ii) The canonical homomorphism V /U — @}, V /U; is an isomorphism.

(i) U;+U/ =V fori=1,...,n.

iv) U +---+U,=V.

(v) ThesumU;?,i=1,...,n, of subspaces U7, i=1,...,n,in V* is direct.

“8.3 Let f:V — W be a K-linear map of finite dimensional K-vector spaces. Then show that :
Dim gKer f — Dim g Coker f = DimgV —DimgW .
(Remark : See also|Supplement S8.2 (b) and Supplement 8.4 (b). )

8.4 Let U, W be subspaces of V with U C W. If W’ is a complement of W in V, then (U +W') /U
is a complement of W /U in V /U which is isomorphic to W’.

8.5 Let f be a K-linear operator on a K-vector space V. Then show that the following statements
are equivalent :

(1) f induces an automorphism of Im f.
(ii) f induces an automorphism of V /Ker f .
(i) V=ImfdKerf.

(iv) Ker f has a f-invariant complement W such that the restriction f | W is an automorphism of W.
(For the finite dimensional case, see Supplement S6.20|— The K-subspace in (iv) is necessarily Im f.)
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