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@ Def: Two smooth oriented atlases A and B are said to be
compatible orientation-wise/define the same orientation if
AU B is an oriented atlas.

@ Suppose M is orientable. Then orientation-compatibility is an
equivalence relation among oriented atlases (why?)

@ To determine the number of equivalence classes, we need a
more concise interpretation of orientation.
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1> 2 9
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AxL Ox2>
@ So a manifold (such that dim(M) > 1 or M = ¢) is
orientable iff it admits a nowhere vanishing top form. We say
that a chart is compatible with an orientation form w if
w(%, ...) >0 at all points.
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dim(M) > 1, i.e., Given [(xa, Us)] consider [>°,, padxi A .. ].
Firstly, this map is well-defined. Secondly, it is onto (why?)

1
Thirdly, itis 1 —1: If %Ejzzim > 0, and if these two
atlases are not compatible then det( 2;5‘ ) < 0 for some «, 5
Bl
throughout U, N Ug (why?). This means that the above ratio
must be negative in this region (why?) Thus we have a

contradiction.
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The case when dim(M) =1 and OM # ¢

@ The above correspondence means that we have exactly two
equivalence classes for orientation when OM = ¢ or
dim(M) > 1. Often, one arbitrarily designates one class as
“positively oriented” and the other as negatively oriented.

@ Unfortunately, in this case since we have defined the boundary
chart to have positive last coordinate, our definition of
orientation is not a nice one. To avoid this problem, one
defines orientation of manifolds using the existence of nowhere
vanishing top forms. Then every orientable manifold (with or
without boundary) has exactly two orientation classes. When
OM = ¢ or dim(M) > 1, this corresponds to orienting using
coordinate charts.
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@ A codimension-0 submanifold D C M is orientable if M is so:
Suppose w is an orientation form on M, then i*w is one on D.

o If M, N are orientable, then so is M x N with the “product
orientation”: Take mjw; A myw2 as the orientation form.

@ Suppose F : M — N (where M, N are connected with
dim > 0) is a smooth map such that F, is invertible at all
points. If (F.)p is orientation-preserving at all points, then F
is said to be orientation-preserving. Otherwise it is said to be
orientation-reversing. Given an orientation [w] on N, there is a
unique orientation (called the pullback orientation) such that
F is orientation-preserving: [F*w] does the job (why?). If [1]
is any other such orientation, then
w(Fxe1, Fiez,...)/n(e1,...) >0 (why?). Thus [n] = [F*w].
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Examples of orientable manifolds

e Hypersurfaces in M: Suppose (M, [w]) is an oriented smooth
manifold with or without boundary, and S C M is a smooth
hypersurface (without boundary that does not intersect OM).
Suppose N is a section of TM restricted to S such that N is
nowhere tangent to S. Then S is orientable with the
orientation given by the form (e,...,e,—1) — w(l\7, e1,...)
(Indeed, /\7, e1 ... are linearly independent and hence
w(N,...) #0.) For instance, S" can be oriented this way.
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