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@ Defined vector bundles and gave examples.

@ Defined the dual bundle and constructed the cotangent bundle
as a special case.
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Back to vector fields

@ Recall that the point of defining vector fields/tangent bundle
was to model the flow of fluids along a manifold.

@ Def: Let M be a smooth manifold with or without boundary.
Let J C R be an interval containing 0 in its interior. Let X be
a smooth vector field on M. An integral curve for X starting
at p € M is a smooth path v : J — M such that v(0) = p
and ¥/(t) = X(y(t)) V t € J.
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@ The constant vector field in R™: Let X = c"% on R". The
integral curve starting at p'is p+ €t (why?) Note that if we
fix t, then p— p'+ Ct is a diffeomorphism of R"!

dx _ . dy _ d’x _ d?y _
F=Yog =X Thus = X gE =Y
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@ The constant vector field in R": Let X = c"ii on R". The

integral curve starting at p'is p+ €t (why?) Note that if we
fix t, then p— p'+ Ct is a diffeomorphism of R"!

2 2
dX =y, f’jt’ = —x. Thus % = —x,2¥ = —y. Hence

x—Acos( )+ Bsin(t), y = x' = —Asm( ) + Bcos(t).
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@ The constant vector field in R™: Let X = c"% on R". The
integral curve starting at p'is p+ €t (why?) Note that if we
fix t, then p— p'+ Ct is a diffeomorphism of R"!

dX =y, f’jt’ = —x. Thus % = —x,% = —y. Hence
x—Acos( )+ Bsin(t), y = x' = —Asin(t) + Bcos(t). At
t=0,x=Ay=8.
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@ The constant vector field in R™: Let X = c"% on R"”. The
integral curve starting at p'is p+ €t (why?) Note that if we
fix t, then p— p'+ Ct is a diffeomorphism of R"!

e Rotational vector field in R?: X = (y, —x). Now
dX =y, % = —x. Thus % = —X, % = —y. Hence
x = Acos(t) + Bsin(t), y = x' = —Asin(t) + Bcos(t). At
t=0, x=A,y = B. Fixing t,

(x0, Yo) = (xo0 cos(t) + yosin(t), —xo sin(t) + yo cos(t)) is a
diffeo of R?!
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o Incomplete vector field in R? — {0}: Consider the constant
vector field X = % in R? — {0}. The integral curve for say
(—1,0) does not exist at t = 1! Such a vector field (that has
at least one integral curve that does not exist for all time) is
called an incomplete vector field.

o A vector field that blows up in finite-time in R?: X = x Bx:

dx _ 2 dy _
Note that Z = x=, 7z = 0.
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o Incomplete vector field in R? — {0}: Consider the constant
vector field X = % in R? — {0}. The integral curve for say
(—1,0) does not exist at t = 1! Such a vector field (that has
at least one integral curve that does not exist for all time) is
called an incomplete vector field.

o A vector field that blows up in finite-time in R?: X = x Bx:
Note that % = x2, % = 0. Hence, x = 1_X—f<0t,y =¥0.
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o Incomplete vector field in R? — {0}: Consider the constant
vector field X = % in R? — {0}. The integral curve for say
(—1,0) does not exist at t = 1! Such a vector field (that has
at least one integral curve that does not exist for all time) is
called an incomplete vector field.

Note that % = x°, % = 0. Hence, x = 1—X?<0t’y =yp. In

other words, it blows up in finite time! (Incomplete vector
field.)

@ A compactly supported vector field in R": Let X be any
smooth vector field. Let p be a smooth compactly supported
function. Then pX is a compactly supported vector field. For
any starting point outside the support, the integral curve is a
constant!
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(without boundary). For every p € M, there exists a
neighbourhood U, C M and ¢, > 0 such that for every
q € Up, there is a unique smooth integral curve
v : (—€p,€p) = M for X starting at q.

@ This theorem follows almost immediately from the
existence/uniqueness/smooth-dependence-on-initial-
parameters theorem for (time-independent) systems of
ODE.

@ That theorem is proven by rewriting the system as an integral
equation and using an iterative method and the contraction
mapping principle. For uniqueness and smoothness, one needs
to put in more effort (Gronwall’s inequality).

@ The ¢, can be finite and U, need not be all of M.
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o Let v:J — M be a smooth integral curve. Then 5 : J — M
given by 7(t) = ~y(at) where a € R is an integral curve for aX
starting at p.

e 5 :J—b— M given by 4(t) = v(t + b) is an integral curve
for X.

@ Suppose M, N are smooth manifolds, F : M — N is a smooth
map, and X is a smooth vector field on M. Unfortunately,
there need not be a smooth vector field on N that is a
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@ Theorem: Every smooth compactly supported vector field X is
complete. In particular, any smooth vector field on a compact
manifold is complete.

@ Proof: Let p be a starting point. Let T be the supremum of
all € such that the integral curve exists on (—¢,€). If T < o0,
then firstly p is within the support of X (why?). Secondly,
consider a sequence t, — T. Then at least one of the
sequences g, = y(—tn), rn = (tn) is within a compact set
(why?). WLOG assume g, does. Hence there is a convergent
subsequence (that we still call g, abusing notation). So
gn — q. Now an integral curve exists with g as starting points
for some time. Hence, there are two integral curves starting at
gn (for some large n). By uniqueness, they coincide. Hence,
the integral curve can be smoothly extended past 7. A
contradiction.
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@ Theorem: If X is compactly supported, then 6 : R x M given
by 6:(p) = ~(t) where  is the integral curve of X starting
from p (this map is called the time-t flow of X) is smooth
and a diffeomorphism for each fixed t. Moreover,

Orrs =0:00s and 6_; = 9{1. (Such a collection of
diffeomorphisms is a called a one-parameter group.)

@ Proof: The smoothness follows from
local-smooth-dependence-on-initial-conditions. Now if we
prove that 0_; = 9;1, then 6; is a diffeo. Indeed, 6y is
identity. If we prove that 6;s = 0; o 65, we are done. This
follows from uniqueness (why?)
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take a constant vector field in coordinates and cut it off by a
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